DANIEL QUILLEN THEOREM 1.1. Let k be an integer and let .Y E KO( X). Then k"J(Y',x -.Y) = 0 for Some integer n.
Because of the identity YjYk = Yy" satisfied by the Adams operations and the fact that the theorem is trivial for k = 0, + 1, it suffices to prove the theorem when k is a prime number which from now on will be denoted p. As 2x is in the image of the restriction of scalars map from complex K-theory K(X) to KO(X), one sees that 1.1 implies the analogous result for complex K-theory; moreover, if p = 2 then the real and complex cases are equivalent. Therefore, in the rest of the paper we shall concentrate on the situation with real K-theory and p odd; with trivial modifications the arguments will work for the complex case and all p, taking care of the real case with p = 2.
We say that a virtual bundle x' over X admits a reduction of its structural group to a finite group G if there exists a principal G-bundle P over X such that s is in the image of the map from RO(G), the real representation ring of G, to KO(X) which is induced by sending a representation Y into the bundle P x 'Y.
PROPOSITION 1.2. The Adams conjecture is true for any cirtual bundle whose structural group may be reduced to a finite group.
This will be proved in the next section. It is the constructive part of the proof and uses Brauer's induction theorem to restrict to representations induced from one and two dimensional representations together with Adams' methods to handle this case. The rest of the proof consists in showing that there are enough virtual representations of finite groups so that this special case implies the general case.
Let k be an algebraic closure of the field with p elements and choose, once and for all, an embedding C$ : k* -+C*. If G is a finite group and 7c : G -+ Aut( V) is a representation of G in a finite dimensional vector space over k, then the modular character of V (with respect to 4) is defined to be the complex-valued function on G given by the formula (1. 3) it(g) = C4Czi)
where czl,. . . , r, are the eigenvalues with multiplicity of n(g). It is a basic consequence (Green [9, Theorem 11) of the Brauer induction theorem that x is the character of a unique element of the complex representation ring R(G). We show in the appendix to this paper (5.5) that ifp is odd and if G leaves invariant a non-degenerate symmetric bilinear form on c', then x is the character of an element of the real representation ring RO(G).
Let F, be the subfield of k with q elements, let GL, (F,) be the group of invertible 11 of n matrices with entries in F,, and (p odd) let O,(F,) be the subgroup of orthogonal matrices. Lifting the standard representations of these groups in k" in the above way we obtain virtual representations in R(GL, (F,) ) and RO (O,(F,) ) respectively, which in turn give rise to maps
(1.4) BGL,(F,) -+ BU BO,(F,) --+ BO
in the homotopy category. Now these virtual representations are evidently compatible as n tends to infinity and as the finite field tends toward k, hence by a standard limit argument (compare [2. proof of 1.31) the maps I . 4 give rise to unique maps in the homotopy category
where GL(R) and O(k) are the infinite general linear and orthogonal groups with entries in k. and Z is connected with finite homotopy groups of order prime to p [3, 1.31. Now quite generally [Xupt, Z] , is the quotient of [X, Z], by the action of ~~2; as the left side of 1.7 is the same for Xupt and X, this action is trivial, so n,Z acts trivially on n,Z for all n. (This follows also from the fact that Z is an H-space, which is a consequence of the group structure on 1.7 and 1.8 below.) If X is an infinite complex which is the union of a sequence of finite complexes ,I',, . then the natural map 9) where Y is the map of 1.5 and C is its cone. The map u when restricted to any finite skeleton ,I' of BO(k) classifies a virtual bundle over X whose structural group is reduced to the tinite group O, (F,) for some n and q, hence ,ucr restricted to X is null-homotopic by 1.2. By 1.8, ,UY is homotopic to zero and so there is dotted arrow D in 1.9 making the diagram homotopy commutative. The obstructions to deforming /3 to zero lie in H"(C, rr"Z), n> 1, where the local coefficient system is trivial as remarked above. As a,2 is a finite group of order prime to p and r induces an isomorphism on cohomology in such groups by 1.6, it follows that H"(C, n Z) -0. Therefore p, hence also /(, is null-homotopic, proving the Adams conjecture. power order or it is a semidirect product P ';; C, where Ciscyclicof odd order and where P is a 2-group and P acts on C through a homomorphism P -'Zz and the generator of Z2 acts on C as -id. Such a group His of type (MP), i.e. it has a chain of normal subgroups whose quotients are cyclic of prime order. Let V be an irreducible real representation of H and endow it with an invariant inner product. Then by Borel-Serre [6] N normalizes a torus in the orthogonal group of V. The eigenspaces of this torus form a system of imprimitivity in V, so by irreducibility, V is either of dimension one or induced from a representation of dimension two. By transitivity of induction the lemma is proved.
The Proposition 1.2 follows immediately from 2.3 and 2.4. Indeed one only has to note that if.P is a principal G-bundle over X and if W is a representation of a subgroup H of G, then the bundle over X associated by P to the induced representation of G is isomorphic to the bundlef,L, wheref is the covering P/H -+ X and where L is the bundle on P/H associated to w. We may suppose that X is a CW-complex and in fact a finite complex because cohomology with coefficients in Zr transforms direct limits into inverse limits. Let w E H'(BC) be a generator. Since the diagonal map X+X' is the inclusion of the fixpoint set for the action of C, the localization theorem ([I 21, see also [4] for the argument in K-theory) implies that on inverting w the mapj* becomes an isomorphism:
Consequently any element in the kernel ofj* is killed by a power of u'.
On the other hand the spectral sequence of the fibration PC-+ BC EP4 = HP(BC, z-P(X')) j HP'4 (Xl,)
degenerates on account of the isomorphism (11, Theorem 3.31 H*(BC, H*(X')) S H*(X'c).
A non-zero element y of H*(X'c) which is in the kernel of i* has a non-trivial component z in EP for some p > 0. As the cohomology of the cyclic group C is periodic with periodicity map given by multiplying by w, it follows that Z, and hence J, is not killed by any power of 1~. Thus the intersection of the kernels of i* and j* is zero, proving the proposition.
We shall say that a family Hi ia I of subgroups of a group G detects the cohomology of G (mod I). or simply is a detecting family, if the map
given by the restriction homomorphisms is injective. It is clear from the Kunneth formula that if Hfj,jEJ is also a detecting family for G', then the family Hi x Hj.(i, j)&l x J is a detecting family for G x G'. Moreover, if Hi is a detecting family for G and if each Hi has a detecting family Hi,, then the subgroups Hij for all i andj form a detecting family for G. By transfer theory a subgroup of finite index prime 1 in G detects the cohomology of G.
Let H be a permutation group of degree 12, i.e. a group endowed with an action on the set { 1,. . . , n}, and let G be an arbitrary group. Then the wreath product H S G is defined to be the semidirect product H z G", where H permutes the factors according to the given permutation representation.
If EH-+ BH and EG--, BG are universal bundles for G and H respectively, then EH x (EG)" is a contractible space on which H 5 G has a natural free action, and hence the quotient space EH x H(BG)" is a classifying space for the wreath product. Taking H to be C with its standard permutation representation and identifying the maps i and j of 3.1 with the appropriate restriction homomorphisms we obtain Denote by x.. the symmetric group of degree n.
PROPOSITION 3.4. Let G be a group whose mod 1 cohomology is detected by a family of abelian subgroups of exponent dividing I" with a 2 I. Then En j G has the same property.
The proof is by induction on n, the case n = 1 being clear. If n is not divisible by 1, then the subgroup (x. _ 1 J G) x G detects cohomology because it is of index n which is prime to 1. On the other hand if n = ml, then the evident embedding x,, s (C s G) c xn 1 G gives a subgroup of index n!/m!I", which is prime to I by elementary number theory. Using the induction hypothesis and in the second case 3.3, one obtains detecting families for these subgroups by taking various products of abelian groups of exponent dividing I", hence 1" J G also has a detecting family of groups of this type. 
HYBD) =Zz[tl, t,, ell(t12 + t, tJ.
(This may be derived by considering the Hochschild-Serre spectral sequence of the extension obtained from the normal cyclic subgroup C generated by .xzza-I. If u and u are the non-zero elements of the cohomology of BC in dimensions one and two respectively, then one can show that (I2 u = t,* + t, t2 and tl, u = 0 so the spectral sequence collapses at E, .) This ring has no nilpotent elements. Since a cohomology class which restricts to zero on each elementary abelian 2-subgroup is necessarily nilpotent by the main theorem of [I 21, this proves the lemma. One can also compute directly that the elementary abelian 2-subgroups with generatingsets {Sag'-', x21 and {.Y~~~" , x,x2) detect the cohomology of D. Thisconcludestheproof of the lemma and hence that of the theorem.
Let k be an algebraic closure of F, and let 4 : k * -+C* be an embedding.
If k, is 3.
subfield of k then as in Section 1 we obtain elements
E invlim R(GL,(F,,)), 5 E invlim RO(O,(F,J) PICk,
F,Ck, which in turn yield well-defined homotopy classes
BGL,(k,) + BU BO,(k,) + BO.
Denote by c[(v), pi(r), and ,vi(?) the images of the universal Chern. Pontryagin, and StiefelWhitney classes respectively under these maps. If / = 7, one considers instead cf 4.8 the restriction to the subgroup Q of diagonal matrices of O,(k,). The appropriate Weyl group here is I,, acting by permuting the factors, and by the same argument one sees that the restriction map to Q analogous to 4.8 is surjective. Any maximal elementary abelian 2-subgroup A of O,(k,) stabilizes an ordered orthogonal direct sum decomposition ofX-!" into one-dimensional subspace. Since /cr* is I-divisible by hypothesis, all one-dimensional quadratic spaces over k, are isomorphic, so it follows that A is conjugate to a subgroup of Q. Combining this with 4.5 one sees that the restriction map from O,(k,) to Q is injective. proving the last formula of the theorem. Theorem 1.6 follows from 4.7 by taking X-, = X-, letting II go to infinity, and nsing the known formulas for the cohomology of BU and BO.
$5. APPENDIX-LIFT~VG MODULAR ORTHOGONAL 4ND SYMPLECTIC REPRESESTATIOAS
In this appendix we develop a modular character theory for orthogonal and symplectic representations of a finite group G in a field K of characteristic different from two. WC suppose that Kcontains a primitive h-th root of unity, where A is the factor of the exponent of G which is prime to the characteristic of K; this implies that all irreducible representations of G over K are absolutely irreducible. V 1 B(c, L) c A] .
By choosing an invariant lattice and multipiyin g it by some high power of rt we can find an invariant lattice L such that n"L* c L c L* for some positive integer n. Suppose that 11 is the least integer L 1 for which such an L exists, and write TV = Zj -e with e = 0 or 1. Then 
'f"'( RO,(G) @ RSp,(G)) = RO,(G) @ RSpk(G).

Moreover, if J' E R,(G) comes from RO,(G) (resp. RSp,(G)). rhen the unique element .Y of R,(G) whose character coincides \t.itlr tfre modular character of'!' comes from RO,(G) (resp.
RSp,(G)).
Since the orthogonal and symplectic Grothendieck groups over K both admit injections into R,(G) commuting with Y", it follows that Y" is an idempotent operator on these former groups. Passing to the image of this idempotent operator acting on the top row of the diagram of 5.3.3 gives an exact sequence which is mapped by d to the bottom row. Since there are isomorphisms at the four outer places by the above proposition, the middle map is an isomorphism by the five-lemma. This proves the first part of the corollary, and the rest is clear. Then given a representation V of G over k, we can define its modular character x with respect to 4 using formula 1.3, and we want to show that if V is an orthogonal (resp. symplectic) representation then x is the character of a virtual real (resp. quaternionic) representation. By localizing the ring of cyclotomic integers Z[exp 2nQm] with respect to a maximal ideal containing p, we find a discrete valuation ring contained in C with residue field k isomorphic to a subfield of k, containing ,H~. Consider the modular character 1' of Vdefined by using the embedding ut+ z* of 5.4. I. Since /Q, is cyclic there is an integer b prime to h, which one can suppose to be odd, such that a(z) = (Y*)~ for all 2 E,u,, , consequently if x and .Y' are the elements of R(G) with characters 1 and z'. then x = Ybs'. Using 5.4.3 one finds so DrZNlEL QL'ILLES that I' lies in RO(G) (resp. RSp(G)) if V is an orthogonal (resp. symplectic) representation.
hence the same is true for .Y as these subgroups are stable under Yb.
